This paper studies the incompressible limit of global strong solutions to the threedimensional compressible Navier-Stokes equations associated with Navier's slip boundary condition, provided that the time derivatives, up to first order, of solutions are bounded initially. The main idea is to derive a differential inequality with decay, so that the estimates are bounded uniformly both in the Mach number ǫ ∈ (0, ǫ 0 ] (for some ǫ 0 > 0) and the time t ∈ [0, +∞).
Introduction
The motions of highly subsonic viscous fluids in a bounded domain Ω ⊂ R 3 are described by the following non-dimensionalized Navier-Stokes equations: ρ t + div(ρu) = 0, (1.1) (ρu) t + div(ρu ⊗ u) − divS + 1 ǫ 2 ∇p = 0, (1.2) where the first equation represents the conservation of mass and the second one denotes the conservation of momentum. The unknowns ρ, u and p are the density, the velocity and the It is known as the incompressible limit, which is one of the fundamental hydrodynamic limits. However, the rigorous justification of the limit poses challenging problems mathematically since singular phenomena usually occur in this process. To be precise, both the uniform estimates in Mach number and the convergence to the incompressible model are usually difficult to obtain. In the following, we restrict the discussion in the isentropic regime only. The general framework for studying the incompressible limit for local strong or smooth solutions was established by S. Klainerman and A. Majda in [14, 15] . In these works, they proved the incompressible limit of local smooth solutions to the Navier-Stokes equations (or the Euler equations) with "well-prepared" -some smallness assumption on the divergence of initial velocity -initial data, in R n or T n . Indeed, by analyzing the rescaled linear group generated by the penalty operator of order ǫ −1 (see [23, 28] for instance), the incompressible limit can also be verified for the cases of general data that the velocity of incompressible fluid is just the limit of Leray projection for the velocities in compressible fluids. This method also applies to global weak solution of the isentropic Navier-Stokes equations with general initial data and various boundary conditions [5, 6, 18] . Especially, P.-L. Lions and N. Masmoudi [18] studied the incompressible limit for the weak solutions to the Navier-Stokes equations with a slip boundary condition, that is, on the boundary ∂Ω of Ω ⊂ R n , u · n = 0, curlu = 0 for n = 2, or (1.3) u · n = 0, n × curlu = 0 for n = 3, (1.4) where curlu = (∂ 2 u, −∂ 1 u) t for n = 2 and curlu = (∂ 2 u 3 − ∂ 3 u 2 , ∂ 3 u 1 − ∂ 1 u 3 , ∂ 1 u 2 − ∂ 2 u 1 ) t for n = 3. Recently, D. Donatelli, E. Feireisl, A. Novotný, etc. have also obtained a series of important progresses on incompressible limits of weak solutions to compressible NavierStokes equations associated with slip boundary conditions (see [8, 9] , for instance). For other interesting results on the incompressible limit in a finite time interval, which may be independent of the initial data, for isentropic fluids, the reader may refer to [4, 11, 12, 16, 19, 24, 25] and many others. Although numerous significant progresses on incompressible limit had been achieved during the last four decades, only a few results were concerned with global strong or classical solutions for the time t ∈ [0, +∞). In this situation, one needs to show the uniform estimates with respect to both ǫ ∈ (0, ǫ 0 ] (for some small constant ǫ 0 > 0) and t ∈ [0, +∞).
Thus additional difficulties arise. D. Hoff [10] verified the incompressible limit for the global solutions in R 3 × [0, +∞) with general initial data, provided that the background solution to the incompressible Navier-Stokes equations is sufficiently smooth. For regular solutions with no-slip boundary conditions , i.e., u| ∂Ω = 0, where Ω ⊂ R 3 is a bounded domain, and slightly compressible initial data, H. Bessaih [1] established the uniform estimates both in the Mach number and t ∈ [0, +∞), and showed the strong convergence to the solution of incompressible Navier-Stokes equations. In [21] , the author studied the incompressible limit of regular solutions to the compressible Navier-Stokes equations (1.1)-(1.2) with slightly compressible initial data in a 2-D bounded domain with the boundary condition in (1.3) .
The aim of this paper is to extend the result in [21] to three spatial dimensions, that is, to study the incompressible limit of global strong solutions to the 3-D compressible NavierStokes equations (1.1)-(1.2) with Navier's slip boundary condition
where n, τ are the unit outer normal and tangential vector to the boundary, respectively. This is a non-trivial generalization since on the boundary of a 3-D bounded domain, the information on the normal component of the vorticity curlu is unavailable (see Lemma 2.6 for instance), thus the classical regularity theory dosn't apply. At the same time, this paper also generalizes the result in [1] in the sense that all the second-order spatial derivatives are uniformly bounded with respect to the Mach number and the time. Moreover, it is worthy to note that the result in this paper can not be covered by the ones in [8, 9] since our estimates are uniformly bounded for all the time in [0, +∞), instead of a fixed finite interval. Furthermore, the method in the current paper can also simplify the proof of local existence results in [30] .
To simplify the proof, we convert the equations into the anti-symmetric form by setting ρ = 1 + ǫσ. Then the Navier-Stokes equations (1.1)-(1.2) are equivalent to
For the new unknowns (σ, u), we impose the following initial condition
and the slip boundary condition 9) which is equivalent to (1.5). One may refer to [30] , for instance, for the description and the background on this boundary condition. First, the local existence of the solution (σ, u) to the problem (1.6)-(1.9) is indeed established by W.M. Zajaczkowski [30] in the framework of [20, 29] . Theorem 1.1 (Local existence) Let ǫ ∈ (0, 1] be a fixed constant and Ω ⊂ R 3 be a simply connected, bounded domain with smooth boundary ∂Ω. Suppose that the initial datum (σ 0 , u 0 ) satisfies the following conditions,
with Ω σ 0 dx = 0 and 1 + ǫσ 0 ≥ m for some positive constant m. Assume the following compatibility conditions are satisfied:
Then there exists a positive constant T = T (σ 0 , u 0 , m, ǫ) such that the initial-boundary problem (1.6)-(1.9) admits a unique solution (σ, u) satisfying that 1 + ǫσ 0 > 0 in Ω × (0, T ), and
Remark 1.1 To simplify the statement, we use the notation "u t (0)" to signify the quantity
. And the notation "∂ i t u(0)" is given by differentiating (1.7) i − 1 times with respect to t and then letting t = 0. The same rule applies to the notations
The purpose of this paper is to prove the following uniform estimates with respect to ǫ ∈ (0, ǫ 0 ] (for some 0 < ǫ 0 ≤ 1) and t ∈ (0, +∞), thus apply Theorem 1.1 to obtain the global existence theorem and the corresponding incompressible limits. In order to state the theorem precisely, we introduce the following notation
Then the main results of this paper is stated as follows. Moreover, we assume that
for some sufficiently small positive constant θ. Then there exists a unique solution (σ ǫ , u ǫ ) to the initial-boundary value problem (1.6)-(1.9) in Ω × R + , such that
where R + = [0, +∞). Furthermore, the following uniform estimate in ǫ ∈ (0, ǫ] holds:
And there exists a function P (x, t), such that (v, P ) is the unique solution of the following initial-boundary value problem of the incompressible Navier-Stokes equations:
Proof. This theorem was shown by Lemma 3.17 and the same arguments as in [1, 21] . Remark 1.2 Although the time derivatives up to second order are estimated, however, only the derivatives up to first order are required to be bounded initially.
The rest of this paper is organized as follows. In Section 2, we present some lemmas which will be used in estimating the Sobolev norms in a bounded domain and dealing with the slip boundary condition. In Section 3, we show the uniform-in-ǫ estimates by deriving a differential inequality with certain decay property. We first show the L 2 estimate of the solutions, next the low-order spatial, temporal or mixed derivatives, and then the highorder derivatives. The strategy for estimating derivatives is to treat the vorticity and the divergence of velocity respectively, based on the decomposition △ = ∇div − curlcurl and the slip boundary condition. Moreover, to overcome the difficulty in estimating the vorticity, due to the loss of information on the normal component, we take the advantage of the isothermal coordinates to estimate it in local regions near the boundary. By combining carefully all the spatial-temporal estimates, we obtain the uniform estimate with respect to both ǫ ∈ (0,ǭ] (0 <ǭ ≤ 1) and t ∈ [0, +∞). .
Preliminaries
Throughout this paper, we will use the following lemmas from time to time.
Lemma 2.1 (See [2]).
Let Ω be a bounded domain in R N with smooth boundary ∂Ω and outward normal n. Then there exists a constant C > 0 independent of u, such that
Then the problem
Lemma 2.3 (See [2] ). Let k ≥ 2 be an integer, and let 1 ≤ p ≤ q ≤ +∞ be such that p < +∞ and k > N p
Lemma 2.4 (See [26] ). Let Ω be a bounded domain in R N with smooth boundary ∂U and outward normal n. Then there exists a constant C > 0 independent of u, such that
Lemma 2.5 (See [7] ). Let Ω ⊂ R 3 be a open bounded domain with C 2 boundary ∂Ω. Moreover, we assume that Ω is simply connected and non-axisymmetric. Then for any u ∈ H 1 (Ω) satisfying u · n| ∂Ω = 0, one has
where C is a constant independent of u.
The following lemma is a variant of Theorem 3.10 in [27] in the case of Navier's slip boundary condition. It plays a key role in proving the vorticity estimates.
with (1.9) being satisfied, then
Proof. Using the density in {u ∈ H 2 (Ω) 2 |u · n = 0 on ∂Ω} of the velocity fields u ∈ C ∞ (Ω) 2 such that u · n = 0 on ∂Ω, and the continuity of the trace operators, it suffices to handle the case where u is a smooth velocity field onΩ. Now, after extending n(x) to a tubular neighbourhood of ∂Ω, we obtain
It follows that
due to the boundary condition u · n = 0. By use of (1.9), we easily get (2.3).
Energy estimates
In this section, we shall derive the uniform estimates with respect to both the time t ∈ [0, +∞) and the Mach number ǫ ∈ (0,ǭ] for someǭ ∈ (0, 1], which is stated as in Lemma 3.17. We will drop the superscript ǫ of σ ǫ , u ǫ , p ǫ , and so on, for the sake of simplicity. From now on, the positive constants C, C i for i = 0, 1, · · · below depend only on Ω, µ, λ, and p, but not on T and ǫ. We will use δ, η, and η i for i = 1, 2, · · · to denote various small positive constants and C δ , C η to denote various positive constants depending on δ and η respectively. For the sake of simplicity, we denote the partial derivatives
by ∂ ij , and so on.
Suppose that (σ, u) solves the initial-boundary value problem (1.6)-(1.9) in Ω × (0, T ), for 0 < T < +∞. In the energy estimates, we always assume that
We will derive a differential inequality in the form that,
where C ≥ 1 is a constant, and Φ(t) is an equivalent norm to φ(t). Here Ψ(t) and Φ(t) are both non-negative quantities with Ψ(t) ≥CΦ(t) for some constantC ∈ (0, 1]. The above inequality is equivalent to
Thus, if Φ(0) is small enough, Φ(t) will be dominated by Φ(0).
The basic estimate
Lemma 3.1 There exist positive constants C 0 and C 1 , such that
1)
Proof. Due to the boundary conditions (1.9) and Lemma 2.5, we have
Multiplying (1.6) by p ′ (1 + ǫσ)σ and (1.7) by u, we get
With the aid of the boundary condition u · n = 0, we have
On the other hand,
. As a result, we finish the proof of this lemma. ✷
The first-order estimate
Lemma 3.2 There exists a positive constant C 2 such that
Proof. By differentiating (1.7) with respect to t, we have
Then we integrate the product of (3.2) and u to get
On the other hand, we multiply (1.6) by p ′ (ρ)σ t and integrate to get
Thus we summarize (3.
where η 1 (< (2µ + λ)/(8p ′ (4))) and C 4 = C 4 (η 1 ) are to be determined later. Proof. Applying ∇ to (1.6) , we obtain
then multiply the equation by ∇σ and integrate
Multiplying (1.7) by p ′ (ρ) −1 ∇divu and integrating over Ω immediately yield
Let curlu = w. Then
Therefore, using (2.3) and the trace theorem, the boundary integral in (3.8) can be dominated by
Thus, we can get the following inequality from (3.7) and (3.8):
(3.9)
Then we summarize (3.6) and (3.9) to get the lemma. ✷ Lemma 3.4 There exist positive constants C 5 and C 6 such that
where γ 1 is a positive constant. We multiply (3.2) by u t and integrate to obtain 1 2
(3.10)
Applying ∂ t to (1.6) gives
Due to the boundary condition u · n = 0, we multiply the above equality by p ′ (ρ)σ t and integrate to get
(3.12)
Thus we summarize (3.10) and (3.12) and choose η to be sufficiently small to get the lemma. ✷ Next, we should estimate the vorticity curlu.
13)
where η 2 (< µ) and C 7 = C 7 (η 2 ) are to be determined. Proof. We rewrite (1.7) as
where
∇σ for some scalar function G. Applying "curl" to (3.14), we obtain
Here and in the sequel we adopt the Einstein convention about summation over repeated indices. Observing that ∆w = −curlcurlw, we have
From (2.3), we have
Thus we can easily get this lemma. ✷ Next, we introduce the following two notations:
We remark that it is important to determine the constants C ′ i s sequentially. First, we choose C 0 , C 1 , C 2 , C 3 , C 5 and C 6 to be fixed positive constants. Next, once η 1 and η 2 are fixed, the constants C 4 and C 7 are determined. Then it follows from Lemmas 3.2, 3.3, 3.4 and 3.5 that Lemma 3.6 Let ǫ 1 = min(1, (1/4) ). Then for any ǫ ∈ (0, ǫ 1 ], there exists a positive constant
where η 1 , η 2 , C 4 (η 1 ) and C 7 (η 2 ) are positive constants to be determined later. ✷
The second-order estimates
We need to estimate the spatial and temporal derivatives of second order to close the energy estimates. The strategy is similar as that in the first-order estimates, namely, estimating the vorticity and the divergence of velocity fields respectively. However, boundary estimates are required to complete the estimates for the derivatives of highest order. We evaluate these derivatives one by one as follows.
Lemma 3.7 For the positive constants η 3 and C 10 := C 10 (η 3 ), which are to be determined later, we have
Proof. Note that curl∇ = 0, thus
Multiplying both sides of (3.2) by ∇divu and integrating, we obtain
We multiply (3.5) by p ′ (ρ)∇σ t and integrate to get
Combining the above two inequalities, we get this lemma. ✷ Lemma 3.8 For the positive constants η 4 and C 11 := C 11 (η 4 ), which are to be determined later, we have
Proof. The following calculations are done in the form of Einstein's convention. Applying ∂ ij to (1.6) for i, j = 1, 2, 3, where ∂ ij denotes ∂ x i x j , then multiplying both sides by ∂ ij σ and integrating on Ω, we have
Next, we differentiate (1.7), multiply the resulting equality by p
H 2 )). Summarizing the above two inequalities, we show this lemma. ✷ Lemma 3.9 There exists a positive constantC 12 such that
where η 5 and C 12 := C 12 (η 5 ) are to be chosen. Proof. Note that with the Young inequality we have
By integrating the product of (3.2) and ∇divu t , we obtain the following inequality
(3.23) Applying ∂ t ∇ to (1.6) and integrating the product of the resulting identity and ρ −1 p ′ (ρ)∇σ t , we get 1 2
By (1.1), the first term on the right-hand side of the above inequality reads
We summarize (3.23) and (3.24) to get this lemma. ✷ Next, we should derive the estimates of the vorticity w, which is the key of the energy estimates.
Lemma 3.10 There exists a positive constant C 13 such that
Proof. Using Lemmas 2.1 and 2.4 we have
and curlw
From (2.3) and the trace theorem, we obtain
We construct the local coordinates by the isothermal coordinates λ(ψ, ϕ) to derive an estimate near the boundary (see [13] for instance), where λ(ψ, ϕ) satisfies
We cover the boundary ∂Ω by a finite number of bounded open sets
where λ k (ψ, ϕ) is the isothermal coordinate and n is the unit outer normal to ∂Ω. For simplicity, in what follows we will omit the superscript k in each W k . Then we construct the orthonormal system corresponding to the local coordinates by
By a straightforward calculation, we see that J ∈ C 2 and
for sufficiently small r > 0. Obviously, Jac(Λ −1 ) = (JacΛ) −1 . Moreover, we can easily derive the following relations (see also [29] ):
where the notation ′ • ′ stands for the composition of operators. Set y := (y 1 , y 2 , y 3 ) := (ψ, ϕ, r), a ij = ((JacΛ) −1 ) ij . Then n = (a 31 , a 32 , a 33 ), the tangential directions τ i = (a i1 , a i2 , a i3 )(i = 1, 2), and a ij a 3j = 0, for i = 1, 2. 
Next, we denote the vorticity near the boundary as w := ( w 1 , w 2 , w 3 ) t := w(t, Λ(y)). By direct calculations we get 
Thus, with (3.28) we obtain that
(3.30)
With ∆w = −curlcurlw it follows from (3.26), (3.27), (3.28) and (3.30) that
There exists a positive constant C 14 such that
where η 6 and C 15 := C 15 (η 6 ) are to be chosen.
Proof. Note that
invoking of Lemma 2.6. Multiplying (3.15) by w t − δ∆w, where δ is a positive constant to be chosen, and integrating, we get
In virtue of (3.16), (3.17) and (3.31), we get this lemma by choosing η small enough and δ = µ 10
. ✷ Lemma 3.12 There exists a positive constant C 16 such that
where η 6 and C 17 := C 17 (η 6 ) are to be chosen. Proof. From (3.15), we have
where g := g t − ǫσ t (w t + u · ∇w) − ρu t · ∇w with
Multiplying (3.34) by w t and integrating over Ω, we have
Similar as (3.18) and (3.27), one has
From (3.34) again we get
. Moreover, similar as (3.30), we can derive that
Collecting all the above estimates, this lemma is shown. ✷ To close the energy estimates, we estimate σ tt and u tt in the following two lemmas. Lemma 3.13 There exists a positive constant C 18 such that
Proof. From (1.6) and (1.8), we deduce that
By the assumption Ω σ 0 dx = 0, we have Ω σdx = 0. Then this lemma follows from (1.7) and the Poincaré inequality σ H 2 ≤ C ∇σ H 1 . ✷ We introduce the following notations: Φ(t) := C 23 Φ 0 (t) + C 24 Φ 1 (t) + Φ 2 (t), Ψ(t) := C 23 Ψ 0 (t) + C 24 Ψ 1 (t) + Ψ 2 (t), where Φ 2 (t) :=(2µ + λ) ∇divu Then we can obtain the following lemma, which can be shown exactly in the same way as in [29, 21] . Thus the details are omitted.
Lemma 3.17 (Uniform Estimates) Let Ω ⊂ R 3 be a simply connected, bounded domain with smooth boundary ∂Ω. Let (u, σ) be a solution to (1.6)-(1.9) in Ω×(0, T ) with 1 4 ≤ 1+ǫσ ≤ 4, ∀(x, t) ∈ Ω × (0, T ), ǫ ∈ (0, ǫ 3 ]. Suppose that
for some constant Θ > 0. Then we have
✷
